It is well known that Seifert 3-manifold groups are residually finite. Niblo [J. Pure Appl. Algebra 78 (1992) 77-84] showed that they are double coset separable. Applying this result we show that, except for some special cases, most of the Seifert 3-manifold groups are conjugacy separable.  2004 Elsevier Inc. All rights reserved.
Introduction
Let S be a subset of a group G. Then G is said to be S-separable if, for each x ∈ G\S, there exists a normal subgroup N x of finite index in G such that x / ∈ N x S. Equivalently S is a closed subset of G in the profinite topology of G. If S = {1}, then G is residually finite (RF ). If for each x ∈ G, G is {x} G -separable, where {x} G is the conjugacy class of x in G, then G is called conjugacy separable (c.s.). Residual and separability properties are of interest to both group theorists and topologists. They are related to the solvability of the word problem, conjugacy problem and generalized word problem (Mal'cev [11] and Mostowski [12] ). Topologically they are related to problems on the embeddability of equivariant subspaces in their regular covering spaces (Scott [16] , Niblo [13] ). Seifert 3-manifold groups have nice residual and separability properties. It is well known that they are residually finite (Hempel [7] ). In general it is not known which 3-manifold groups are residually finite. Thurston [22] proved that fundamental groups of Haken manifolds are residually finite. Scott [16] showed that Fuchsian groups and Seifert 3-manifold groups are subgroup separable (or Lerf). The results were improved by Niblo [13] who showed that these groups are double coset separable. In [5] , Fine and Rosenberger showed that Fuchsian groups are conjugacy separable. It is natural to ask whether Seifert 3-manifold groups are conjugacy separable. In this paper we show that most of the Seifert 3-manifold groups are conjugacy separable. Formanek [6] showed that polycyclic groups are conjugacy separable. Ribes, Segal and Zalesskii [15] showed that generalized free products of polycyclic groups amalgamating cyclic subgroups are conjugacy separable. Applying this result it is easy to show that Seifert 3-manifold groups with non-empty boundary are conjugacy separable. Using this, in [3] , Allenby, Kim and Tang proved that the outer automorphism groups of these groups are residually finite.
There are a number of other results on conjugacy separability. In particular, Stebe proved the following results:
(1) Free products of conjugacy separable groups are conjugacy separable [17] ; (2) The group obtained by adjoining a root to a free group is conjugacy separable [18] ; (3) Groups of hose knots are conjugacy separable [19] ; (4) The linear groups GL 2 (Z), SL 2 (Z), GL n (Z p ), SL n (Z p ) for all positive integers n and primes p are conjugacy separable [20] .
Tang [21] showed that generalized free products of surface groups amalgamating a cyclic subgroup are conjugacy separable. Wilson and Zalesskii [23] showed that the Bianchi groups PSL 2 (O d ), where O d is the ring of integers of Q( √ −d) for d = 1, 2, 7, 11, are conjugacy separable.
In Section 2, we list the terms and notation which we shall be using. We also state the known results we use frequently. In Section 3, we prove a criterion for generalized free products, amalgamating a direct product of cycles, to be conjugacy separable. In Section 4, we discuss the conjugacy separability of G 1 (s, r) for s 1. In Section 5, we discuss the conjugacy separability of G 1 (0, r). We conclude that except for G 1 (0, 3) and G 1 (1, 1) , all the G 1 (s, r) are conjugacy separable. We believe similar results hold for G 2 (s, r) . We conjecture that all Seifert 3-manifold groups are conjugacy separable.
Terms and notations
Throughout this paper we use standard terms and notations. The letter G always denotes a group. If x ∈ G, {x} G denotes the set of all conjugates of x in G. x ∼ G y means x, y are conjugate in G. We use Z A (x) = {g ∈ A | gx = xg}. N ¡ f G means N is a normal subgroup of finite index in G. If x ∈ G = A * H B then x denotes the free product length of x in G. We use RF to denote the class of residually finite groups. By abuse of notation, we also use RF to mean residually finite.
Let S be a subset of a group G. Then G is said to be S-separable if for every x ∈ G\S, there exists N ¡ f G such that g / ∈ NS. Equivalently, S is a closed subset in the profinite topology on G.
Let x, y ∈ G be such that x G y. If there exists N ¡ f G such that, inĜ = G/N ,x Ĝŷ then x, y are said to be conjugacy distinguishable in G. If each pair of nonconjugate elements x, y ∈ G are conjugacy distinguishable then G is said to be conjugacy separable.
The following results will be used extensively in this paper:
Theorem 2.1 [10, Theorem 4.6] . Let G = A * H B and let x ∈ G be of minimal length in its conjugacy class. Suppose that y ∈ G is cyclically reduced, and that x ∼ G y. 
A criterion
Let M be a Seifert fibered space. Its fundamental group π 1 (M) has one of the following three possible presentations, where α i , β i are coprime integers and γ is an integer (see [2] or [14] ).
(1) M is closed with orientable Seifert surface,
(2) M is closed with nonorientable Seifert surface,
(3) M has nonempty boundary,
The group G 3 (s, r) is a tree product of polycyclic groups x i , h and q j , h amalgamating a single subgroup h . Hence, by [15] , G 3 (s, r) is conjugacy separable (see [3] ). In this paper we shall prove the conjugacy separability of the group G 1 (s, r). In most cases, G 1 (s, r) can be expressed as generalized free products of two groups amalgamating a direct product of two cycles. In this section, we derive a criterion for the conjugacy separability of these generalized free products. Proof. Let x, y ∈ G such that x G y. Without loss of generality we can assume that x and y are of minimal lengths in their conjugacy classes in G. We note that G is W -separable by C4. It follows that G is RF by C2. Hence, we may assume x = 1 = y. To prove our result, we shall find M ¡ f A and N ¡ f B such that M ∩ W = N ∩ W andx Ĝŷ , whereĜ = A/M * Ŵ B/N . Since finite groups are conjugacy separable, we see thatĜ is conjugacy separable by Theorem 2.2. Case 1. x = 0 = y . By C2, this case is obvious.
Case 2. x = 0 and y = 1 (or y = 0 and x = 1). Let x ∈ W and y ∈ A\W . Since y is of minimal length 1 in its conjugacy class in G, we certainly have {y} A ∩ W = ∅. Moreover, since A is W -conjugacy separable by C3, there exists
Clearlyŷ is of minimal length 1 in its conjugacy class inĜ. Hence by Theorem 2.1x Ĝŷ , as required.
Case 3. x = y and x 2 (or y 2). Since x is of minimal length in its conjugacy class, it is cyclically reduced. Let x = a 1 b 1 · · · a n b n and y = e 1 f 1 · · · e m f m , say, where a i , e j ∈ A\W and b i , f j ∈ B\W . Since A, B are W -separable (by C4), we can find
Then x = x and ŷ = y . Thusx is cyclically reduced and is of minimal length in its conjugacy class and x = ŷ . Hence, by Theorem 2.1,x Ĝŷ , as required.
. Since x is of minimal length in its conjugacy class, {x} G ∩ W = ∅. Now A is conjugacy separable and W -conjugacy separable. Therefore, there exists
Clearlyx is of minimal length 1 in its conjugacy class inĜ. Hence, by Theorem 2.1,x Ĝŷ , as required.
(ii) Suppose x ∈ A\W and y ∈ B\W . As in (i) above, there exist M ¡ f A and N ¡ f B such that M ∩ W = N ∩ W , {x}Â ∩Ŵ = ∅ and {ŷ}B ∩Ŵ = ∅, whereÂ = A/M and B = B/N . LetĜ =Â * ŴB, thenx,ŷ are of minimal length 1 in their conjugacy classes inĜ withx ∈Â andŷ ∈B. Hence, by Theorem 2.1,x Ĝŷ , as required.
Case 5. x = y 2. Since x G y, y W x * for any cyclic permutation x * of x. Here we only consider the case y W x, since the others are similar.
(1) Suppose y / ∈ W xW . Then, by C4, there exists S ¡ f G such that y / ∈ SW xW . By C4, A, B are W -separable. Thus, by C1, we can find
Hence, without loss of generality, we can assume y = xk β h α W x. Thus, by C5, there exist
We have found, say, 
In the above presentations, we assume that α i and β i are coprime and q i / ∈ h for each i. Throughout this section, we shall let 
ThenÂ is a finitely generated free nilpotent group of class 2 andk ∈ Z(Â). 
Proof. Clearly k zs and h t
Iĥβ for 0 α = β < ε 1 . Let (1) and (2) hold. P
We consider the following two cases: (I) s 2, or s = 1 and r 3, or s = 1, r = 2 and either
Groups having the properties (I), (II) we call type (I), type (II), respectively. In particular, if B is of type (II), then we have
where (β i , 2) = 1 and k = q 1 q 2 . Hence β 1 and β 2 are odd and h ∈ Z(B 2 ).
Remark 4.6. Let B 2 be as in above. Then we have
Proof. We assume i > 0. The proof with i < 0 is similar.
(1) We note that q −1 
Suppose B is of type (I). Then (4.5) implies iT = jT and αT = βT , that is w 1 = w 2 , a contradiction. Hence w T 
This impliesk i =k j , i.e., i = j in type (I). On the other hand, in type (II),q 1 andq 2 are of order 2. Hencek =q 1q2 =q 1q2q1q
Lemma 4.9. Let G be a finite extension of a free group F and let
Proof. See Lemma 2.3 in [1] . P Definition 4.10. Let G be a finite extension of a free group
We note that if B is of type (I) thenB = B/ h is a finite extension of a free normal subgroupF , say. Then we have the following lemma: 
Proof. (1) LetB = B/ h . ThenB has a free normal subgroupF of finite index. Let 
Proof. Let w 1 = k i h α and w 2 = k j h β . Since G is RF by Theorem 2.3, we may assume
SinceĜ is conjugacy separable, 
Let R be as determined in Lemma 4.11 by taking n = 1. In Lemma 4.5 taking 
SinceB is free-by-finite,B is k -conjugacy separable by [8] . Thus, there existŝ Proof. We note that h i / ∈ h ε k e −1 ke for all 0 < i < ε. For, if h i = h ελ k c e −1 k d e for 0 < i < ε, thenê −1kdê =k −c inÂ = A/ h . SinceÂ is free andê / ∈ k , d = 0 = −c. Thus h i ∈ h ε which clearly contradicts 0 < i < ε. Hence h i / ∈ h ε k e −1 ke for all 0 < i < ε. By Theorem 2.3, there exists 
Proof. Using the same argument as before, since B is of type (I),
Proof. We shall only consider the case x = e 1 f 1 · · · e n f n , where e i ∈ A\W and f i ∈ B\W , since the other case is similar. We have two cases, xhx −1 = h or xhx −1 = h −1 .
Case 1. Suppose xhx
Since 
Lemma 4.21. Let B 2 be as above, where 
By Lemma 4.20, there exists
e . By the choice ofM 2 , eitherh α−δ = 1 orh α−δ =h −(β 1 +β 2 )i . This 
This case is the same as Case 2(1) in the proof of Lemma 4.13.
Part 2.
Suppose i > 0 (similarly j > 0).
By Lemma 4.21, there exist an integer s and
By Lemma 4.20, there exists (1 * ) and (2 * ) follow from (1) and (2) above and the fact that L ⊂ L 2 . We need to prove (3 * ). 
Suppose we havek ε lĥ δ l ∼Bk jĥβ =ŵ 2 from (4.14). By (a1) and (b1) above, either k ε lĥ δ l =ŵ 1 ork ε lĥ δ l =k −iĥα+(β 1 +β 2 )i ∼Bŵ 1 . Both cases implyŵ 1 ∼Bŵ 2 , which is impossible because of the choice of M 1 ⊂ M 0 .
Suppose we havek ε lĥ δ l ∼Âk jĥβ =ŵ 2 from (4.14). By (a1) and (b1) above, we have eitherk ε lĥ δ l =ŵ 1 ork ε lĥ δ l =k −iĥα+(β 1 +β 2 )i . Hence eitherŵ 1 ∼Âŵ 2 ork −iĥα+(β 1 +β 2 )i ∼Â w 2 , both cases are impossible because of the choice of L 1 . Thereforeŵ 1 Ĝŵ2 .
Since (II) . Let x ∈ G = A * W B be cyclically reduced with
Let N 1 , N 2 be as in the proof of Lemma 4.18 where
skê s for allĥ i = 1. We shall show thatxĥ α Ŵx . Supposexĥ α ∼Ŵx. Thenxĥ α =k −λ 0ĥ −µ 0xk λ 0ĥ µ 0 for some λ 0 , µ 0 . Then, for some integers δ i , ε i , λ i , µ i ,
some integers d, e (see Remark 4.6). Thenf
Since β 1 and β 2 are odd, β 1 + β 2 is even. Henceĥ α ∈ ĥ 2 , a contradiction. 0) is polycyclic and c.s. P
Conjugacy separability of G 1 (0, r)
From now on we consider G = G 1 (0, r) , where r 4. Let
In this case each of A, B is either of type (I) or of type (II). We note that A is the generalized free product of the abelian groups Q i = q i , h: h q i = h, q
, amalgamating a single subgroup h . Thus h ∈ Z(A). Therefore, for any ε > 0, A/ h ε is a generalized free product of the finite groups Q i / h ε amalgamating h / h ε . Thus A/ h ε is free-by-finite and conjugacy separable. Similarly B/ h ε is also free-by-finite and conjugacy separable.
The following is similar to Lemma 4.2. 
Similarly, taking n = T 1 , there exists an integer R 2 > 0 such that, for any ε > 0, there exists
For convenience, let T = T 1 T 2 . Choose m > αT . ConsiderÃ = A/ h m . Then, by Remark 4.8(1) and Lemma 5.1, {k iThs }Ã ∩ k = ∅ for allh s = 1. SinceÃ is free-by-finite, A is k -conjugacy separable [8] . Hence there existsL 2 
For, ifk iTĥαT ∼Âk εTĥδT , sinceĥ ∈ Z(Â), we havek iTĥαT −δT ∼Âk εT . By the choice of L 2 , this impliesh (1) For each ε 1 > 1, there exist an integer µ > 0, depending on ε 1 , and 
Ihβ for 0 α = β < ε 1 . Let L 1 be the preimage ofL 1 of A. Then
By Lemma 4.11, taking n = 1 and ε = ε 2 µ, there exists 
Proof. As before, we may assume w 1 = k i h α = 1 and w 2 = k j = 1.
Then, by Lemma 4.21, there exist s and To prove this, supposek iTĥαT ∼Bk εTĥδT . Then Proof. Suppose A is of type (I). We shall only consider the case x = e 1 f 1 · · · e n f n , where e i ∈ A\W and f i ∈ B\W , since the other case is similar. Since h ∈ Z(G), xhx −1 = h. We note thatÃ = A/ h is a free product of finite cycles andk is cyclically reduced. Hence the conjugacy class of k i h α in G = G 1 (0, 4) is ∈ ĥ βi ,q 1 ,q 3 / ∈Ŵ , |k| > 2i andŴ = ĥ × k . Similarly, there exists M ¡ f B such that L ∩ W = M ∩ W . LetĜ =Â * ŴB. By (5.12), we note that, for g ∈ G, either g −1kiĥαĝ =k iĥα+nβi orĝ −1kiĥαĝ =k −iĥα+nβi+(β 1 +β 2 )i for some n. Hence, ifŵ 2 = g −1ŵĝ then eitherŵ 2 =k i =k iĥα+nβi orŵ 2 =k i =k −iĥα+nβi+(β 1 +β 2 )i . But, since |k| > 2i and ĥ ∩ k = 1, the latter is impossible. Hencek i =k iĥα+nβi , thusĥ α =ĥ −nβi ∈ ĥ βi which clearly contradicts to the choice of N . Henceŵ 1 Ĝŵ2 as required. G 1 (0, 0), G 1 (0, 1) and G 1 (0, 2) (1, 1) .
Proof. The groups
We expect all G 2 (s, r) to be conjugacy separable. Hence we make the following:
Conjecture. Seifert 3-manifold groups are conjugacy separable.
